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Abstract
We discuss the structure of the vacua in O(2) topologically massive gauge theory on a
torus. Since O(2) has two connected components, there are four classical vacua. The
dierent vacua have entirely dierent particle spectra. For example, in the \non-trivial"
sector, the particle can only move in one direction.
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1. Introduction
Topologically massive gauge theories (TMGT) [1] are of great interest for many years.
They have important applications in dierent areas of theoretical and mathematical
physics, for example quantum Hall eect [2], knot invariants and conformal eld the-
ories [3] and many other areas.
The structure of the Hilbert space in these theories may be rather unusual. For
example, in abelian U(1) TMGT one can see [4] that the Hilbert space of the theory is a
direct product of the massive gauge particle Hilbert space and some quantum-mechanical
Hilbert space which is the product of g copies (for a genus g Riemann surface) of the
Hilbert space for the Landau problem on the torus. In the innite mass limit all levels
except the rst one are decoupled as well as the massive particle Hilbert space and we
then have only the rst Landau level which becomes the Hilbert space of the topological
Chern-Simons theory.
In this letter we shall discuss some new unusual properties of the O(2) theory, which
can be obtained after a spontaneous breaking of the SU(2) or SO(3) symmetry by a Higgs
eld in a 5-dimensional representation [5]. We shall see that because O(2), contrary to
U(1), has two connected components, i.e. 0(O(2)) = Z2, one shall get new classical
vacua in O(2) theory. We shall consider all these vacua and nd the particle spectra
corresponding to them.
We shall start with a brief review of the ordinary U(1) TMGT. Then we shall go
to the O(2) model, which will be dened as a low-energy limit of the SO(3) theory. In
conclusion we shall discuss the mixing between dierent vacua in the full SO(3) theory
due to the transition between dierent topological sectors.
2. Abelian Topologically Massive Gauge Theory









We assume that the spacetime is in the form M  R where M is a Riemann surface.








ijFij = 0: (2.2)
The vector potential on a plane can be represented as Ai = @i+ ij@j, substitute it into
the constraint, one gets @2 _ = (kγ=2)@2. Forget the zero modes for the moment, this






2 − (@2)2 −M2@2) (2.3)






( _2 − (@i)
2 −M22) (2.4)
describing the free particle with mass M = γk=4.
It is easy to see that on the plane the spatial independent elds Ai(x; t) = Ai(t) also








which describes the particle with mass m = γ−1 on the plane Ax;Ay in a magnetic eld
B = k=4. The mass gap is M = B=m = γk=4 which is precisely the mass of the gauge
particle.
Let us note that Ax and Ay belong to the conguration space, however if reduced to
the rst Landau level, which means m = 1=γ ! 0, the theory reduces to the pure Chern-
Simons theory which is an exactly solvable 2 + 1 dimensional topological eld theory.
For general 2-dimensional Riemann surface of genus g, any one-form A can be uniquely
decomposed according to Hodge theorem as
A = d + + A; dA = A = 0 (2.6)







where p and p are canonical harmonic 1-forms (1-cohomology) on a Riemann surface
and there are precisely 2g harmonic 1-forms on genus g Riemann surface (two in case of
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a torus). After diagonalization one nds that there are g copies of the Landau problem
and the total Hilbert space H of the abelian topologically massive gauge theory




is the product of the free massive particle Hilbert space H and g copies of the Landau
problem’s Hilbert space HA.
Let us concentrate on the case of a torus. We get the Landau problem on the plane
(Ax;Ay). We must not forget about large gauge transformations acting on the quantum-
mechanical coordinates Ai ! Ai + 2Ni, where Ni are integers. These transformations
act on gauge potential because the only gauge-invariant objects one can construct for Ai
{ Wilson lines





are invariant under these transformations (we choose coordinate on a torus in a way that
x  x+ 1 and y  y + 1) and one can consider torus 0  Ai < 2 with the area (2)2.
Let us note that being reduced to the rst Landau level this torus becomes the phase
space - thus for the consistent quantization this area must be proportional to the integer
(the total number of the states must be integer). It is known that the density of states 
on Landau level equals to B=2, where B is a magnetic eld. In our case the \magnetic
eld" in (Ax;Ay) plane is equals to B = (k=4), thus the total number of states will be
N = (1=2)(k=4) (2)2 = k=2. Thus, k must be an even integer. In more general case
we have to enlarge our phase space to have minimal possible integer number of states (for
rational k) or even innite number (for irrational k).
3. The O(2) Model
From now on, we turn to the TMGT with O(2) symmetry on a torus. We obtain the
gauge group O(2) by spontaneous breaking a non-abelian Higgs model with Chern-Simons
term and gauge group SU(2) or SO(3). We suppose that the symmetry breaking scale is
very large and just consider the low energy phenomena. The reduced system is a TMGT
with O(2) symmetry.














Tr(@+ [A; ])2− V (): (3.1)
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The normalization is chosen such that it will agree with the abelian theory in some special
case. We choose the representation and the potential of  such that the unbroken group
is O(2). The simplest choice is the following [5]. The Higgs eld is a 3 3 real symmetric
traceless matrix. If g 2 SO(3), the action of g on  is
g() = gg−1: (3.2)
The potential of the Higgs eld is
V () = 1(Tr
2 − 6v2)2 + 2(det+ 2v
3)2 (3.3)
where 1 is of dimension of mass and 2 is dimensionless. They are both positive. V ()
is invariant under SO(3) and its value is zero if and only if the eigenvalues of  are 1, 1
and −2. If the vacuum expectation value of  is
hi = v
0B@ 1 0 00 1 0
0 0 −2
1CA ; (3.4)
the group O(2) embedded in the SO(3) is then
O(2) = f
0B@ cos  sin  0− sin  cos  0
0 0 1
1CA ;
0B@ cos  − sin  0− sin  − cos  0
0 0 −1
1CAg: (3.5)
Abstractly, O(2) could be described as an U(1) with an extra element X, where eiX =
Xe−i. In the above representation, X is
0B@ 1 0 00 −1 0
0 0 −1
1CA.
We will usually assume that the Higgs eld takes its vacuum expectation values and
drop the terms independent of the gauge eld from the Lagrangian.
4. Topological Consideration
If we ignore the Higgs eld and take the limit γ !1, L goes to the pure Chern-Simons
Lagrangian. The classical solutions of the pure Chern-Simons theory are given by
Hom(1(M); G)=G (4.1)
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where G is the gauge group and M is the space manifold.
If M is a torus, 1(M) is Z  Z, the direct product of two copies of the set of all
integers. We can label the classical solutions by a pair (g1; g2) where g1 and g2 commute
in G and we identify (g1; g2) with (gg1g−1; gg2g−1). The pair describes the holonomy of
the two non-trivial loops on the torus.
For O(2), the solutions are one continuous family (ei1; ei2), which identies with
(e−i1 ; e−i2), and three discrete ones (X;1), (1; X) and (X;X). We will see that the
sector corresponding to the continuous family has zero modes but the sector corresponding
to the discrete solutions have none.
5. Trivial Sector
If the vacuum expectation value of the Higgs eld is constant in space and time, the
holonomy is trivial. We call it the trivial sector. By a suitable gauge transformation, we
can assume that the Higgs eld is given by (3.4).
Dene a basis of SO(3) by T 1 =
0B@ 0 1 0−1 0 0
0 0 0
1CA, T 2 =
0B@ 0 0 −10 0 0
1 0 0
1CA and T 3 =
0B@ 0 0 00 0 1
0 −1 0







The interaction term of the Higgs and gauge potential in the Lagrangian is, in this case,
Tr(@+ [A; ])2 = Tr[A; ]2 = 18v2((A2)2 + (A3)2): (5.2)
If v2 is very large, we can consider only the low energy excitations and set A2 = A3 = 0.
The theory is reduced to the abelian TMGT. However, we also have to identify states
related by gauge transformations. Now, we have one more element X than the U(1)
case. Its action is to identify A1 with −A1. Thus, we have only half of the states as in
the abelian case. The classical conguration space could be chosen as 0  A1x < 1 and
0  A1y <
1
2
. The total number of quantum states in the rst Landau level will be k=4.
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Thus, to have a sensible quantum theory, k must be a multiple of 4. In other cases we
again must enlarge our phase space before quantization in the same way as in the U(1)
case. The Hilbert space structure is similar to that of the abelian theory.
6. Non-Trivial Sector
If the holonomy of at least one of the non-trivial loops is in the component ofO(2) other
than the identity component, we call it the non-trivial sector. We already know that there
are three non-trivial sector for the O(2) model on a torus.
Let X() =
0B@ 1 0 00 cos  sin 
0 − sin  cos 
1CA.  will equal to 0 for the trivial sector or x=L,
y=L and (x+y)=L for the non-trivial sectors. If, say,  is equal to x=L, the holonomy
along the x-direction will be non-trivial. Note that X() = X.
We will reinstall explicitly the dependence on the size of torus. We choose the torus
to be the same size, L, in both directions. It is easy to generalize to tori of other sizes.
Now, the vacuum expectation value of the Higgs eld depends in general on x and y.
We choose it to be
hi = v X()




0B@ 1 0 00 cos2  − 2 sin2  −3 sin  cos 
0 −3 sin  cos  sin2  − 2 cos2 
1CA : (6.1)
We can choose any other values of the Higgs elds in the vacuum manifold as long as they
give the same holonomy. Any such value of Higgs eld will be gauge equivalent to this
one.
We now calculate the potential of the gauge eld induced by the Higgs eld. Since
X()−1AX() =
0B@ 0 cos A
1 + sin A2 sin A1 − cos A2
− cos A1 − sin A2 0 A3
cos A2 − sin A1 −A3 0
1CA ; (6.2)
Tr[A; ]2 = v2Tr[X()−1AX();
0B@ 1 0 00 1 0
0 0 −2
1CA]2




2Tr@[A; ] = 18v2A3@: (6.4)
The eective potential of A is




To consider only the low energy excitations, we should set A1 sin  = A2 cos  and A3 =
−@=2. The rst equation could be solved easily. Let A1 = A cos  and A2 = A sin .
Here, A is a vector eld with three components (At; Ax; Ay) and not the Lie-algebra valued
one form in the previous equations. Note A1 and A2 are periodic in x and y but A is not
periodic in the non-trivial sectors.
The components of the gauge eld can be expressed by A. Dene Fij = @iAj − @jAi,
we have













= Fij cos  +
1
2
sin (Ai@j −Aj@i); (6.6)
F 2ij = Fij sin  −
1
2
cos (Ai@j − Aj@i); (6.7)
F 3ij = 0: (6.8)



























Tr(@+ [A; ])2− V (); (6.9)










































































ijF aij = 0: (6.12)













ijAi@j = 0: (6.14)
Recall that the boundary condition is that Ai cos  and Ai sin  are periodic. The
Lagrangian (6.11), the constraints (6.13), (6.14) and this boundary condition dene the
O(2) model.
Let us note that in this case we have two, not one constraint as in the trivial sector.
The reason is that in the original SO(3) theory there were 3 constraints for all three
generators of the gauge group. In the trivial sector there were no mixing between the
elds and because we did not excite the heavy modes only one constraint was relevant.
In the nontrivial sector one has mixing between all the components and thus all three
constraints become relevant - actually we saw they can be reduced to two. Because of
this additional constraint the phase space will be more restricted.
6.1.  = x=L














and the constraints are
_Ax +MAy = 0; (6.16)
@y( _Ay −MAx) = 0 (6.17)
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where M = γk=4. Since the boundary condition is given by Ai(x + L; y) = −Ai(x; y),
there is no zero mode. Let Ax = @x + @y and Ay = @y − @x. The constraints become
@y( _+M) = 0; (6.18)
_ −M = 0: (6.19)
One also gets from these two constraints
@y(¨+M
2) = 0: (6.20)






2 − (M2 +m2)(@x)
2): (6.21)
If we let  = @x, we have a theory which describes a free particle moving only in the
x-direction with mass-square M2 +m2 where m2 = 2=4L2.
The case with  = y=L is similar.
6.2.  = (x+ y)=L
This case is not much dierent from the previous one and we will be brief. Let
@+ = @x + @y and @− = @y − @x. Equation (6.14) is now
0 = _Ax + _Ay −M(Ax − Ay)
= @−( _+M): (6.22)















(@y − @x) _+ (@x + @y))
2; (6.23)









2 − (M2 + 2m2)(@+)
2) (6.24)




We have discussed the topologically massive gauge theory withO(2) symmetry on a torus.
We found that there are four dierent sectors corresponding to the dierent holonomy on
the non-trivial loops. The particle spectra are dierent in dierent sectors. Especially,
the number of quantum states of the rst Landau level in the trivial sector is only half of
that of the abelian theory and the number of quantum states of the massive particles in
the non-trivial sectors is only half of that of the trivial sector. The direction of motion of
the particle in the non-trivial sector is also restricted, loosely speaking, the particle must
move along the twisting of the Higgs eld. It is an interesting phenomenon never seen
before.
The analysis we have used is essentially based on the pure O(2) theory. However, if
we consider the full SU(2) or SO(3) theory, dierent sectors could be mixed by instan-
tons. Indeed, now one can easily connect two dierent topological sector by some eld
conguration - but to do this it is necessary to excite some heavy degrees of freedom. The
exact instanton equation is non-linear and dicult to solve but we could easily give an
estimate on the instanton contributions.








where 1 and 2 are the Higgs elds of the two vacua given by (6.1), T is the size (in the
time axis) of the instanton and we set the gauge eld to zero. It is straight forward to
calculate the Euclidean action for this eld conguration. The result is, for example,









2v2 + w)T (7.2)
where w = 81
80
L2v4(41 + v
22) is the contribution from the potential term. Notice that T
is of order L when the Euclidean action is minimum, which is of order Lv2, thus the tran-
sition probability and mixing will be suppressed by exponential factors exp(−constLv2).
Because particle in dierent non-trivial sector is moving in dierent direction, it is very
interesting to know the eect of the instantons on them. For example one shall have
interesting oscillations between standing ways in dierent directions and many other new
non-trivial phenomena. We will address this question in another paper.
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